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Calculus

Canning College 2010 S2 RF 8 ¢ [4 marks]

Determine, in simplified form:
oy
—dx
0o V25 — x?2

Canning College 2010 S2 RR 12 [4 marks]

t

Consider the function P = 2w 3

Use a calculus method to determine the error in calculating P if t is measured to be 3 £ 0.1

Canning College 2010 S2 RR 13 [1, 3, 2, 2 marks]
An object is moving along the x axis such that its velocity after t seconds is given by

v = 2w cos 4nt + 4m cos 2mt
Given the object is initially at x = 4, determine:

The maximum velocity of the object
The time taken for the object to return to its starting position for the first time
The distance the object travels in the first 0.1 seconds (use your calculator but indicate the method

used)

The acceleration of the object at t = 2 seconds



Edwest 2011S2RF2ai [2 marks]

d (2x1-u?
Find:—f

dx’1 sinu

Edwest 2011 S2 RF 6 [4, 2 marks]

Establish the inequalities x cosx < sinx < x for 0 < x < % using ideas related to the unit circle

Use the above result to establish
sinx

lim
x-0 X

Edwest 2011 S2 RR 10 [7 marks]

Police Forensic Investigators are called late at night to investigate a murdered person in a suburban
house. To get an idea of when the person died, the investigators use Newton’s Law of Cooling which
states that the rate of change of the temperature of a body is proportional to the difference
between its own temperature and the ambient temperature (temperature of the surroundings). The
investigators note the body’s temperature when they arrived at 3:15am was 17.4°C and at 4:15am
was 15.0°C. To estimate the time of death, the investigators assume the room temperature that
night remained a constant 10°C and that the person’s body had a temperature of 37.0°C at the time
of death. Use Newton’s Law of Cooling and the supplied information to estimate the time of death
to the nearest 5 minutes.

Hale/St Mary’s 2012 S2 RR 9 [5, 3, 4 marks]

A ladder, 2 metres long, has its base on level ground and its top resting against a vertical wall. A ring
is fixed 0.5m from the base of the ladder as shown below. The ladder starts to slip down at a

constant rate of 0.1m/s when it is V3 metres up the wall.

How fast (exact value) is the foot of the ladder moving away from the wall initally?




How fast is the ring moving down (vertically)?

How far is the ladder up the wall when the ring is moving with a speed ofz—l0 m/s?

Hale/St Mary’s 2012 S2 RR 16 [1, 4, 4 marks]

The diagram below shows the graph of y = f(x) and the graph of its inverse function

y=90x)=f"1(x)

y Igradient =m
A point P (a,b) is on the graph of y = f(x). I
The tangent at P has a gradient m.
State the value of g(f(a)) P(a, b)
I
I
y =1f(x) !

Show thatg'(b) = % I +
,%(x)

Find the coordinates of the point of intersection of the tangent at P and the tangent at x = b on the
graph of y = g(x) in terms of a, b and m (assume m # —1)

Penrhos/MLC 2010 S2RF5b [5 marks]

Evaluate, using the substitution x = sin 8

0.5 x

— dx
0 Vl—xz



Penrhos/MLC 2010 S2 RR 18 [2, 4 marks]

A weight W is attached to a rope 16 m long that passes over a pulley at point P, 6 m above the
ground. The other end of the rope is attached to a truck at a point A, 1 m above the ground, as
shown in the diagram.

Show that y = V25 + x2 — 11 represents
the distance in metres the weight is above AP
point B, given x metres represents the

horizontal distance from point B to the truck.

oy
oS

If the truck moves away at the rate of 3 m/s,
how fast is the weight rising when it is 2 m above the ground?

Mt Lawley 2011 S2RF 2 b [3 marks]
Evaluate
eZ

In x)?
f (Inx) dx

X

1
Mt Lawley 2011 S2 RF 5 [3, 4 marks]

A minor sector of angle 2w — 0 is removed from a circular piece of paper of radius R. The two
straight edges of the remaining major sector are pulled together to form a right circular cone, with a
slant height of R.



R302V/412-62

Show that the volume of the coneis given by V' =
2472

Assuming the radius, R, of the circular piece of paper to be fixed, show the exact value of 8 which

2\2n

V3

maximises the volume of the cone is

Mt Lawley 2011 S2 RR 10 [5 marks]

When an object is at a distance u cm from a lens of focal length 20 cm, an image is created at a

distance of v.cm from the lens.

1 1 1
The variables are related by the formula— = — + —
20 u 1

An object is moving with a constant speed of 2 cm/s towards the lens.
At the instant when the image is 30cm from the lens, in what direction and with what speed is the
image moving?

Mt Lawley 2011 S2 RR 17 [2, 3, 2 marks]

The displacement x(t)of a small particle undergoing simple harmonic motion is given by
x(t) = Acoskt + B sinkt, where A, B and k are positive constants.
Show that x”'(t) + k?x(t) =0



The particle completes 2.5 cycles every second and initially has a displacement of 1.5m and a
velocity of 7.5m/s
Determine the exact values of the constants A, B and k

What is the amplitude of motion, correct to the nearest millimetre?

Penrhos 2011 S2 RF 6 [3, 1, 3 marks]
. . 5 4 4
Given the curve sin(xy) + y* — —x= - find:

dy
dx

The value of xwheny =0

Using the incremental formula, find the approximate change in x when y changes from 0 to 0.1. Give
your answer in exact form.



Perth College 2010 S2 RR 12 [2, 4, 5 marks]

The diagram below shows an isosceles triangle with two sides both x cm and the included angle 26
radians.

20

Xcm

If the perimeter of the triangle is fixed at 100cm, prove that sin 8 = 50-x

Find the exact value(s) of x and 6 when the area of the triangle is a maximum.

The perimeter of the triangle is no longer fixed at 100cm
The sides with length x cm are increasing at a constant rate of 1cm per minute.
The included angle is increasing at a constant rate of 0.1 radians per minute.

Find the exact rate at which the area of the triangle is increasing when x =10 cmand 6 = % radians

Perth College 2010 S2 RR 14 [3, 2, 2 marks]

In a chemical process, the quantity of an enzyme (Q mg) is modelled by the equation
% = (200 — Q) X twhere tis time in hours

Use integration to find an expression for Q in terms of t



If the initial amount of the enzyme is 1000mg, how much remains after 3 hours?

Show clearly why the long term quantity of the enzyme is not dependent on its initial amount

Perth College 2010 S2 RR 15 [6 marks]

I 5 .
Use the substitution x = 5 sin 6 to evaluate exactly

5

Fooa
[
J 25 — 4x2

Show clearly each step of your working.

Perth Modern School 2013 S1 RF 7 [5 marks]

Consider the following first principles definition for derivatives

Ify = f(x)

then

fx+h)—-f)
h

f'Gx) = lim

Use this definition to show that if f(x) = cos 2x then f'(x) = —2 sin 2x



Perth Modern School S2 2012 RF4 b

Find the equation of the tangent to the curve y = ,/x + y wheny =6

Perth Modern School S2 2012 RF 7

1+e? .
Show that—— = e?%, where a is a constant
1+e~ 4

Show that
3

ekx
w4 =3
-3

where k is a constant

Composed Question (RF)*

Evaluate

. sinx —sina
im——
X—aCO0SX — COSa

Perth Modern School 2013 S1 alt. (REAP) RR 11

Use the substitutionu = vVx + 1 to find

[ 7=

[5 marks]

[2, 5 marks]

[3 marks]

[4, 4 marks]



Use the substitution x = 2(1 + cos? ) to show that

f

-2

=

dx

I
I
I
[UnN

S
=
N[ S

Perth Modern School 2013 S1 alt. (REAP) RR 12a

[3, 2, 2 marks]

Consider the curve with parametric equations x(t) = %tz + 2t,y(t) =sin2t —tfort =0

d cos 2t—%

Show that — =
dx 1+t2

Find the smallest exact value of t at which the curve has a stationary point.

Hence find the equation of the tangent to the curve at this stationary point using exact values



Perth Modern School 2013 S1 alt. (REAP) RR 10 [2, 3, 4 marks]

Find Z—z ify = %ln(e3x + k) where k is a positive real constant.

Hence find

f 51
1+ 13e-3x ¥

(Hint: Express with positive index first)

51
1+13e73%

Determine the equation of the tangent to the curve x Iny = e~>* + 3y — 4 at the point (0,1)

Unidentified Exam S1 RR 16 [5, 4 marks]

Use first principles to determine the derivative of y = sin® x

Given thatIny = +/1 + 8e* prove thatIny Z—z = 4ye”

Composed Question (RF) [6 marks]

., d . e
Find aax and [ a* dx where a is a positive integer.



Matrices
Edwest 2011 S2 RF 3 [3, 3, 3 marks]

If 54 =1— A? find A~! interms of mA + nl where m and n are scalars

Matrices A and B are both 2x2 matrices and A = BA — B + B?
. oo 1 =1
Determine Aif B = [2 0 ]

a

Determine a relationship between a and b given [b

by . . .
a IS Its own inverse

Hale/St Mary’s 2012 RF 5 [1, 3, 2, 2 marks]

A line segment AB is transformed by a matrix four times to become CD as shown below.

Yy
T i
< > x
h b 8 10 12 14 16
1
B - D

A 4

The effect of the four transformations by T can be carried out by a single transformation matrix S.
State the relationship between T and S.

Determine the matrix S.



Describe the geometric effect of matrix S

Determine the matrix T

Penrhos/MLC 2010 S2 RF 1 [5 marks]
The transformation matrix T is defined by T = AB, where A and B are the transformations:
A: a rotation about the origin through 210° anticlockwise

B: a reflection in the line through the origin that makes an angle of 120° with the x-axis

Determine the matrix T and describe T geometrically.

Penrhos/MLC 2010 S2 RR 9 [1, 7 marks]
-4 20 2 2 3 5

letA=(-3 15 -3]JandB=(1 1 1
7 =17 1 3 -4 0

Determine C = A X B

Tickets to a concert cost $2 for children, $3 for teenagers and #5 for adults. 570 people attended the
concert and the total ticket receipts were $1950. The ratio of teenagers to children attending was 3
to 4.

Use your answer to the part above to determine how many children, teenagers and adults attended
the concert.

Perth College 2011 S2 RF 6 [3, 3 marks]



Consider a 2 X 2 matrix, A = [3 1 ]

1 -1

If A> = aA + BI where a and B are real numbers and | is the 2 X 2 identity matrix, find aand B

Write A* in the form kA + cI where k and c are real numbers and | is the 2 X 2 identity matrix

Scotch College 2010 S2 RR 8* [3, 3, 4 marks]
This entire question can be done without a calculator. Nice of them to put it in the RR though.
Remember you can use your Classpad to verify moves you think may or may not be allowed in part c.

Find m and nif mA + B = A, where 4 = [_23 i] and B =" :;2]

k 2

For what value(s) of k will the matrix A = [3 k+1

]be singular?

If aX? + bX + cI = 0and Z = Y~1XY, where X, Y and Z are square, non-singular matrices, prove
thataZ? +bZ +cl =0



Complex Numbers and Polar Coordinates

Edwest 2011S2RR 1 b [3 marks]

On an Argand diagram, plot the locus of z defined by g < arg(z — 2i)

Hale/St Mary’s 2012 S2 RR 15 [4, 4, 2 marks]

The diagram below shows the polar graphs of r = k8 and r = 8 + ¢ where k and c are constants
and0 <6 <m. y

Determine the values of k and ¢

Points A (r,a) and B (r, B) are on the graphs of r = k6 and r = 6 + ¢ respectively such that they

have the same r and the distance between them is V3



Show that a satisfies %7‘[2 = a?(1 + cos g)

Determine the value(s) of a

Hale/St Mary’s 2012 S2 RR 18 [1, 2, 2, 3 marks]
The figure below shows a shaded circle satisfied by a complex number z

Write an inequality that must be satisfied Im (2)
by z 5

w

Find the maximum exact value
of|z — 4|

1 2 3 4 5 6 Re(

Find the minimum value (in radians) of Arg(z — 4)

Find the maximum value (in radians) of Arg(4 — 7)

Penrhos/MLC 2010 S2RR11a b [3, 2, 3 marks]

3w

Sketch in the complex plane the graph of arg G) =



Sketch the locus represented by |z — 2i| < 4

Hence, find the exact greatest and least values of |z — 3 + 4i] given that |z — 2i| < 4

Penrhos 2011 S2 RR 11 [3, 3 marks]

The complex number z = x + yi satisfies the inequality |(Z )? — z%| < 16
Show that |xy| < 4

Hence sketch the set of all complex numbers z that satisfy the inequality |(Z )% — z%| < 16

Perth Modern School 2013 S1 RR 14 b [2, 4 marks]

A set of points is defined as {z: |z — (4 — 3i)| = 3}
Sketch the set of points on an Argand Diagram

Determine the minimum value of 8 where 8 = argz



Perth Modern School 2010 S2 RF 7 [1, 3, 3 marks]

If z2 = —4 + 4i find

Z4

Find real numbers a and b such that (a + bi)(1 + 2i) = 2i

Composed Question (RF)* [3 marks]

For domain 8 = 0, find the equation of the curve below in the form r = k6

Perth College 2011 S2 RF 7 [2, 2, 2 marks]
Letu = acis a andw = be’ whereaand b arereal numbersand -t <a <mand-m<f<m

State the modulus and argument of u Xw



Given the u and v are the two roots of the equation z? = k, find:

The relationship between a and b

The relationship between a and

Given that u and w are the two roots of the equation pz? + gz + r = 0 where p, g and r are non-
zero real numbers, find:

The relationship between a and b

The relationship between a and

Scotch College 2010 S2 RF 4 [2, 3, 4 marks]

If z=—cis 8 = cosO + isinfand w = cis ¢ = cos ¢ + isin¢, where 8 and ¢ are acute:
Express z' in terms of real and imaginary components

Show that zw = cis (6 + ¢)



Find the modulus and argument of z + 1 in term of 8
[Hint: Draw a diagram]

Perth Modern School 2013 S1 alt. (REAP) RR 15 [2, 3, 3 marks]

Express each of the following in polar form such thatr = 1and 0 <60 < 27w

1-15 (=V/3-14% (-1+iV3), (-2 + 2i)3

Hence, simplify
(1-D°(—V3-0*
(—1+4iV3) (-2 + 2i)3

giving your answer in Cartesian form. Your working steps must show clearly how you multiply and

divide complex numbers expressed in polar form.

—1-i

1-v3i

2 2
Find z, %, and hence state a relationship between z and %

The complex number z is given such that Z =

Proofs

Edwest 2011 S2 RR 3 [1, 2, 5 marks]

2 0]
-1 1
Find A%, A®and A*

Let Matrix A = [



State a conjecture for A", where n is a positive integer

Prove your conjecture is true using mathematical induction

Edwest 2011 S2 RR 9 [2, 2,2,5,1 marks]

Lety = cosf +isinf

dy _ .
Show that 20 = W

Hence show, using integration, that y = el®

Use this result to deduce de Moivre’s theorem

= a cos®0 + b cos30 + c cos Owhere sin 0 # 0, use de Moivre’s theorem with n = 6 to

. sin 66
Given
sin @

find the values of the constants a, b and ¢

Hence deduce the value of
sin 66
im —
#-0 sin@

Hale/St Mary’s 2012 RF 3* [3, 4 marks]

Prove the following result:

. 1—cosx
lim ——— =
x—0 X

Evaluate the following limit:
sin% (mr—x)

lim
Xxon X —T



Hale/St Mary’s 2012 S2 RF 7 [6 marks]

Prove by contradiction that for any two integersaand b, a®? — 4b # 2

Hale/St Mary’s 2012 S2 RR 13* [7 marks]

Prove by mathematical induction that, if n is a positive integer,

n-1+(n—1)-2+(n—2)-3+---+2-(n—1)+1-n=%n(n+1)(n+2)

Hale/St Mary’s 2012 S2 RR 17 [2, 5, 3 marks]

tan™x
Evaluate f 052 dx in terms of n, wheren=0,1,2, ...

X

If

T

F(n) = f4tannx dx
0

wheren=0,1, 2, ...
1
show that F(n + 2) = — F(n)

Using the result from above, evaluate F(4). Show working.

Composed Question (RF)* [5 marks]

Prove by contradiction that there are in infinite number of primes.



Penrhos/MLC 2010 S2 RF 7 [3 marks]

cosf 2

Show that tan 8 +

sinf ~ sin26

Penrhos/MLC 2010 S2 RR 15 [3, 3 marks]

Use de Moivre’s Theorem to show that cosnf = %(z" + z7™)and sinnf = %(z" — 2z~ ™), where

z=cosbO +isinf

Use the part of the question above to prove the identity, sin 36 cos 20 = %(sin 560 + sin 9)

Penrhos/MLC 2010 S2 RR 16 [5 marks]

Use mathematical induction to show that n! > 2™ for all positive integersn > 4
Note:n!=1X2X3X..Xn

Mt Lawley 2011 S2 RF 4 [5, 3 marks]

Consider the identity 2i sinnf = z™ — zin where z = cis no

By initially letting n=1, show how to use the identity to prove that

3sinf — sin 36
sin36 = —



Hence evaluate
T

f 9sinx — 12sin3x dx
0

Penrhos 2011 S2 RF 5 [4 marks]

Prove (1 — iv3)" + (1 + iv/3)"* = 2n+! cos%n wheren=1,2,3, ...

Penrhos 2011 S2RR 9 [4 marks]

Use proof by exhaustion to prove that 127 is a prime number

Perth Modern School 2010 S2 RR 17 [6 (or 7) marks]

Given the identity 2 cos A sin B = sin(4 + B) — sin(4 — B), prove by induction that for integers
n=1
sin2nf

2sin6
(note: do this question first using the identity, and when you’ve got that right, do this question

cos6 + cos 36 + cos56 + -+ cos(2n — 1)6 =

without the identity. It’s possible, but challenging)

O. T. Lee Textbook, 23 - Methods of Proof, 7 [5, 5, 6 marks]



Use mathematical induction to prove each of the following for integern > 1

7™ + 2is divisible by 3

8™ + 6is divisible by 14

32" — 1is divisible by 8

Perth Modern School 2013 S1 alt. (REAP) RR 16 [2, 1, 4 marks]

Use your CAS calculator to find the x-coordinate of the stationary point of each of the functions and
complete the table below.

Function )= ler y= ier 1, 1,
X x?2

x-coordinate of
stationary point

Make a conjecture about the x-coordinate of the stationary point of the function

1

— 2x
)’—xme

where m is a positive integer

Prove the conjecture in the above part.




Vectors

Edwest 2011 S2 RR 8 [2, 2, 4 marks]

-3 1
Show that the line L whose vector equationisr = <—1> +A1 <—5> is parallel to the plane N, whose
6 1

1
vector equationis r. (1) =12
4

Find the equation of the plane M, that contains the line L and is parallel to M,

Find the distance of M, and M, from the origin and hence, or otherwise, determine the distance
between the planes

Hale/St Mary’s 2012 RF 4 [5, 3, 3 marks]

The points P and Q have position vectors given by <1, 2, -4> and <3, -1, 2> respectively. The line
joining PQ cuts the x-z plane at R

Find the position vector of the point R

Find the ratio at which the point R divides PQ



Find the vector equation of the plane that passes through R and is perpendicular to PQ

Hale/St Mary’s 2012 S2 RR 11 [2, 2, 3 marks]
In the figure below, OABC is a trapezium with AB parallel to OC and 2AB = OC. The diagonals
intersect at P. C

LetOA=aand OC=c

Express AC and OB in terms of aand ¢

Let AP =AAC

Express OP in terms of A, aand ¢

Determine the value of A

Composed Question (RR)* [5 marks]



1
Determine the vector equation of the line which is the intersection of the planes 7. (2) =4 and

3
5
r. (6) =8
7

Penrhos/MLC 2010 S2 RR 17 [6, 4 marks]
—20
A rocket ship leaves space station A which is located at < 40 > km at 9 am with a constant
20
60
velocity of (120) km h™%. It is supposed to reach the neighbouring space station B, which is
360
80
located at ( 160 ) km.
2020

Determine whether or not this rocket ship reaches space station B. If not, find the closest distance
between the rocket ship and space station B and when this occurs to the nearest minute.

A second rocket ship is also launched from space station B at 9 am with constant velocity and is
aimed to collide with the first rocket at exactly 1 pm. Determine the velocity of the second rocket
ship that will ensure collision takes place at the required time.

Perth College 2010 S2 RF 5 [3, 4 marks]



The line L has the equationr =<4,3,-1>+1<1,2,-2>
The plane M has the equationr . < —1,1,1 > =2

Find the position vector of the point of intersection between Land N

The acute angle between Land M is 6. Find sin 6.

Composed Question (RR)* [3 marks]

Determine a unit vector perpendicular to the plane containing the lines
a=<-1,23>4+1<3,2,1>andb=<135>+u<212>

WACE 2012 RF 6* [2, 2,3 marks]

Describe geometrically the set of points r = (x, y, z) that satisfy each of the following vector
equations in which a denotes a non-zero constant vector
|r —al =3

r—-a)-a=0

r—-a)'r=0



St Mary’s 2011 S2 RR 15* [1, 2, 3, 4 marks]

A co-ordinate system is defined showing the positive co-ordinate axes with O being the origin. Two
part time rock-climbers Des Duller and Kev Krudder are each attached to two straight wires that
allow them to slide down within a wide canyon.

At exactly 0930 hours, Des is at a position of <-250, 350, 700> metres and is sliding down his wire
with velocity <2.5, -1, -1> metres per second. Meanwhile, Kev is stationary at a position <500, -200,
800> metres admiring the view. At exactly 0935 hours, Kev begins to slide down his wire at a velocity
of <-0.5, 1, -1.5> metres per second.

@ y 4

A

v

What is Kev’s speed (correct to the nearest 0.01 m/sec) as he slides down his wire?

At what angle to the horizontal plane does Kev slide down, correct to the nearest degree?



It is known that Des and Kev do not collide. Determine the distance of their closest approach
(correct to the nearest metre) and when this occurs (correct to the nearest second)

If Kev was able to select both the speed and time at which he commenced sliding down his wire,
determine the distance, correct to the nearest metre, he would be able to get closest to Des?
Explain showing your method.

Unidentified Exam S1 RR 9 [2, 2, 6 marks]

Find the equation of the plane passing through <1, -1, 3> and parallel to the plane
r-GBi+j+k) =7

Find the obtuse angle between the two planes define by
Planel:r-(i+j) =1
Planell: - (2i+j—2k) =2

Find the shortest distance from the point P(2, -3, 4) to the plane r- (i + 2j + 3k) = 13



Absolute Values
Penrhos/MLC 2010 S2 RF 2 [7 marks]

Use an algebraic method to solve 3|x — 2| > |2x + 1]

Perth Modern School 2013 Test 5 (RF), 1 [3, 2 marks]

The graphs of f(x) = |2x — 1] and g(x) = |x + 2| are shown below.

L}_

-

On the same cartesian plane, draw a neat sketch of y = f(x) — g(x)

Hence solve f(x) — g(x) =3

Notes

Calculus

The composed question, evaluating the limit as x approaches a, is made possible by L’'Hopital’s rule,



which basically says that if initial substitution the variable into the limit (i.e. replacing the a’s with x)
results in 0/0 or infinity/infinity, then
fx) f'(x)

i oS il =Yy

So to do this question, you differentiate the top and bottom with respect to x, and then substituting

1
a into the limit, and your answer should be — tan aor — cota. L'Hopital’s rule is not in the course,

but can still be used. But remember that this only works if you initially get 0/0 or infinity/infinity.

Matrices

Scotch College 2010 S2 RR 8 a and b should be easy if you have a good understanding of matrices.
Part c however, is more tricky, as it tests your ability and manipulate equations with matrices and
your understand of matrix algebra. To do this question, you must do a proof by deduction similar to
ones for trig identities, with LHS = aZ? + bZ + cI and then substituting Z into the equation and
going from there.

This question cannot be done by manipulating the second equation into X = Z because
Z(XY) 1does not expand toZX 1Y ~1 unfortunately, though surprisingly this incorrect manipulation
still ends with the correct result.

Complex Numbers and Polar Coordinates

The composed question in this section, finding the equation of a polar graph, was made with the fact
in mind that with r = kB, k can be negative, in which case the graph will come out of the origin in the
3" quadrant. Otherwise, an easy question.

Proofs

Hale/St Mary’s 2012 RF 3 comprises of two limits that both, when substituting x = 0 will yield g , SO
L'Hopital’s rule can be applied to both of these. However, the first of these asks to prove the limit, so
using L’'Hopital’s rule may not be the safest way of doing this question. Unlike the proof for % ,

this proof is only algebraic, as long as

sinx

x>0 X



is already established. This proof is straight out of the 3C Sadler book.

. 1—cosx
lim
x—0 X
. (1—cosx 1+cosx
= lim X
x-0 x 1+ cosx
~1—cos®x
= lim

x-0x(1 + cos x)

sin? x

m—
x-0x(1 + cosx)

. sinx ) sinx
= lim—— X lim———

x>0 X x-01+ cosx
=0x1

=0

This proof also uses

lim (f () - () = lim £(x) - lim g(x)
which may be useful to remember.

The second limit says to evaluate, so after checking that it evaluates to %you can hop on ahead.

Included in this set is the proof that there are infinitely many primes. This is a proof by Euclid
mentioned explicitly in the syllabus under 3DMAS point 5.7. The solution is as follows, from a word
document given to us on proofs:



Proposition 'There are infinitely many primes'
Let us make the proposition 'There are a finite number of primes'
LetP ={p1, [P S A o } where n is finite and the product of this set of primes

is given by: [P =(P,x Py X Py X Py Xerr X Py Jovevrrine (1)

i=1

ﬁ p; +1e {Naturals}
i=1

H p, +1 has a prime factor p and since there is a finite set P thenpeP
i=1

Hence p is a factor of [ [ p, and of [ [ p, +1
i=1 i=1

Hence p is a factor of their difference[H p; - H p, +1 j .............. {Distributive Iaw}

i=1 i=1
Hence p is a factor of 1 which is a contradiction so the original proposition
"There are a finite number of primes' is false

In case you don’t follow, you start by assuming there is a finite number of prime numbers, and you
multiply all of these prime numbers together, which | will call y. The number y + 1 must have a prime
factor ‘p’, as all natural numbers do, and this prime factor p must be included in the set of prime
numbers. By this logic, p is a factor of y and also y + 1, so p is a factor of (y-1)-y, which equals one, so
p is a factor of 1, <insert ending crap> Q.E.D.

The Hale/St Mary’s RR proof is beyond my comprehension. Unfortunately | am not a maths god. |
would recommend ignoring this question. It’s only in here because it is most definitely difficult. In
case you do want to see the solutions, you can look at the exam solutions yourself in the Hale/St

Mary’s 2012 solutions, or below is a solution by Conway Li.

= 1
P(n) = Z i(n+1—0) = zn(n+1D)(n +2),neN

i=1
1

1 1
LHSP(1)=Zi(n+1—i)=1-1=g-1-2-3=g-1-(1+1)-(1+2)=RHSP(1)

i=1
Hence P(1) is true

Assume P(k) true for some K, i.e.

k

Zi(k+1—i)=%k(k+1)(k+2)

i=1

Then



k+1
LHSP(k+1) = i((k+1)+1-1)
2

:zk:i(k+1—i)+i+(k+1)((k+1)+1—(k+1))
lzl k

:;i(k+1—i)+;i+k+1

=%k(k+1)(k+2)+@+k+1

=%(k+ 1)(k(k+2)+ 3k +6)

1
= g(k + D(k(k+2)+3(k +2))

= %(k +D(k+D+1)((k+1)+2)

= RHS P(k + 1)

<ending crap> Q.E.D.

Vectors
With the composed question, the line of intersection between two planes, the answer should be
-2 1
3(+4 —2] or similar. The position vector can be any point on the line, and any scalar multiple of
0 1

the direction will do. If you get a direction like <1.5, -3, 1.5>, recognise that you can simplify it by
dividing it by 1.5 to get the answer above. Firstly, find two points that lie on both planes, and then
work out the equation of the line from there. Letting r = <a, b, ¢>, substitute into both plane
equations, and then let either a, b or c = 0, for both equations (the same variable must be 0). For
example, let b=0. We get a + 3c =4 and 5a + 7c = 8, which we solve to get a = -0.5 and c = 1.5, which
along with b = 0 tells us that the point <-0.5, 0, 1.5> lies on both planes. Repeat for a different
variable = 0, to find your second point, and it’s easy from there. Or instead of substituting 0 into
variables first, you can substitute <a, b, c> into each plane equation and solve simultaneously for two
of the variables. For example, solving for a and b will yield a=c—2 and b =-2c + 3, which you can
substitute 0 for c, find your other variables and there’s one point. Go back and solve switch which
variable you’re not solving for, substitute 0 in, and you have your two points.

The other composed question in this section, finding the unit vector perpendicular to two lines, is a
very easy question if you use the cross product. Although not in the course, it is allowed. The cross
product of two vectors produces a vector perpendicular to both input vectors, and so to do this
guestion, you cross product the directions of both given lines, and then find the unit vector of the
result.



WACE 2012 RF 6

Describe geometrically the set of points =< x, y, z > that satisfy each of the following vector
equations in which a denotes a non-zero constant vector.

(@) |[r—al =3
(b) r—al-a=0
() Ir—al-r=0

Part (a) includes the set of points which lie a distance of 3 units from a, which is shaped as hollow
sphere with center at a and radius 3 units.

Part (b) can be expanded to give r - @ = a - a which is the equation of a plane with normal vector
aand passing through the point with position vector a.

Part (c) includes the set of points such that their position relative to a is perpendicular to their
position relative to the origin. This is similar to a semicircle, “angles in a semicircle are 90 degrees”.

r can be anywhere along outside

= origin

However remember that this is 3D, so any semicircle that includes the line between a and the origin
will have points that follow the equation. Hence it is a sphere, with one end of the sphere at the
origin, and the other end at a.

St Mary’s 2011 S2 RR 15

The first 3 parts of this question are quite straightforward, with a small complication that Kev and
Des do not start moving at the same time.

Perhaps the most difficult part of this question is the last part. Although it sounds like a complicated
problem, because Kev is able to select both speed and starting time, he is able to be at any given
point on the line at whatever time he desires. Hence, this problem is simply a ‘distance between
skew lines” question. Realising this quickly will save a lot of hassle.

A method to do this is shown in the O T Lee Revision Series book, in chapter 03, Three Dimensional
Vectors lll, in some of the questions. Another method is outlined below.

To find the shortest distance between the two lines

X1 Ux1 X2 VUyx2
Li: 7(A) = | V1| + A |Vy1| Ly : P(u) = V2| + 1 |Vy2
Z VUz1 Zy VUz2




Let A and B be two points on the lines L, and L, such that

X1 Ux1 X2 VUx2
A = (V1| + A |Vy1|TE(W) = |V2| + p|Vy2
Zq Uz1 ) Uz2

L . - 5 5
When A and B are closest, the following simultaneous equations are satisfied (where 57 and 5

denote partial differentiation):

5, .
Al ° a(ATB) =0

- 8 -
o E(ATB) =0

By solving simultaneously the above equations, a value for A and p is obtained, allowing the
magnitude of A7z at the optimum values of A and p to be found.
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